In perturbation theory we study the matching in four dimensions between the linear sigma model in the large mass limit and the renormalized nonlinear sigma model in the recently proposed flat connection formalism. We consider both the chiral limit and the strong coupling limit of the linear sigma model. Our formalism extends to Green functions with an arbitrary number of pion legs, at one loop level, on the basis of the hierarchy as an efficient unifying principle that governs both limits. While the chiral limit is straightforward, the matching in the strong coupling limit requires careful use of the normalization conditions of the linear theory, in order to exploit the functional equation and the complete set of local solutions of its linearized form. 
Introduction
The consistent formulation of the nonlinear sigma model as a finite theory by means of the subtraction scheme based on the local functional equation [1] - [3] allows us to pose the question of which relation exists between the nonlinear and the linear sigma model in the large mass limit. We emphasize that in our approach both theories are finite (i.e. all divergences have been removed).
In dealing with the large mass limit we encounter two scenarios. One is the chiral limit where all momenta are small w.r.t. the vacuum expectation value (v.e.v.) v, the only mass scale. Technically we have to perform an asymptotic expansion in 1/v of the linear sigma model in the form
where P, Q are polynomials in 1/v. At one loop we find that the leading terms match with the nonlinear sigma model. The second scenario is given by the limit of strong coupling λ. In this latter case the momenta are not constrained to be small w.r.t. the scale v, moreover all the divergent terms in λ have to be removed before taking the limit. The matching with the nonlinear sigma model is again based on the leading terms, but the procedure is more complex. In particular it shows that the use of the strong coupling limit as a definition of the nonlinear sigma model [4] , [5] leads to a whole ensemble of intricacies related to the power law behavior in λ of the v.e.v. and of the wave function renormalization constant of the pion fields. The asymptotic expansion in both scenarios is carried out by taking the large mass limit in the Feynman integrals by using Smirnov's technique [8] - [10] . The two scenarios differentiate in the use of a mass scale factor present in the dimensional subtraction procedure.
In this paper we address the question of the large m limit for the linear sigma model on the basis of symmetry properties associated to a local version of chiral transformations. This is implemented by two important technical points. First we notice thatΓ (the functional one particle irreducible w.r.t. the pions, but only connected w.r.t. the sigma field) obeys the same equation as the 1PI functional Γ N L of the nonlinear model derived from the local chiral transformations. ThusΓ is the right quantity where to evaluate the asymptotic expansion and to impose the matching conditions. We find it convenient to impose the same spontaneous symmetry breaking v.e.v. and the same on-shell conditions for the two point function of the pions in the two models. Second we use the hierarchical structure of the functional equation in order to study the matching. This means that only the ancestor amplitudes need to be studied (those with external legs given by the currents and order parameter operator). Moreover the matching is much easier since the number of superficially divergent ancestor amplitudes is finite (at variance with the amplitudes involving also the pion field). On superficially convergent amplitudes the large mass limit presents no difficulties, reproducing the corresponding amplitudes of the nonlinear sigma model.
In the tree level approximation the linear sigma model in the limit m → ∞ is known to reproduce the nonlinear theory at the first non-vanishing order in the 1/m expansion [4] - [7] . The case of the tree level approximation is automatically dealt with by the hierarchy approach.
In the strong coupling limit particular care will be devoted in order to guarantee that the grading of the perturbative expansion of the functional equation in the number of loops is compatible with the asymptotic expansion in 1/m. The removal of the corrections to the tadpole and to the residuum of the pion is required to ensure this compatibility. This in turn allows to use the local invariant solutions of the linearized functional equation both for Γ N L andΓ. By using the hierarchical principle it is then straightforward to perform the fine-tuning necessary for the matching in such a way that the validity of the functional equation is maintained through all descendant lines of the Feynman amplitudes, in particular those involving only the Goldstone fields.
This strategy will be applied here at the one loop level and, due to its generality, it could provide an effective way to study the matching also at higher loops.
The main results can be summarized by the following points. i) In the chiral limit the leading terms ofΓ in the linear sigma model yield the corresponding amplitudes of Γ N L . ii) In the limit of strong coupling: ii.a) for amplitudes which are superficially convergent in the nonlinear sigma model the limit of large mass shows perfect matching with the linear model; ii.b) for the amplitudeΓ JJ with only two external background connections J µ a the matching can be achieved by a fine-tuning after the subtraction of the renormalization parts of the v.e.v. and of the pion residuum in the linear sigma model; ii.c) for all the other ancestor amplitudesΓ K 0 K 0 ,Γ K 0 JJ ,Γ JJJ ,Γ JJJJ which are superficially divergent in the nonlinear sigma model the matching is possible provided a fine-tuning is performed by using the local invariant solutions of the linearized functional equation. We stress once more that this is possible only if the compatibility of the grading in the linearized functional equation is guaranteed by removing the renormalization parts in the v.e.v. and in the residuum of the pion fields. This renormalization removes terms in λ 4 ln λ , λ 4 and λ 2 which can dangerously conspire with subleading terms of the classical action resulting in jeopardizing the hierarchy principle.
The paper is organized as follows. In Sect. 2 we formulate the linear sigma model in order to implement the local chiral symmetry in the background field formalism. In Sect. 3 we derive the local Ward identity in the linear sigma model for the 1-PI vertex functional and forΓ which is 1-PI only w.r.t. the pions fields. In Sect. 4 we consider the tree level case as a warm-up for a consistent use of the hierarchy approach by which the pion amplitudes are derived from those involving only the currents and the order parameter.
In Sect. 5 we discuss the matching in the one loop approximation. In Sect. 5.1 we fix the renormalization of the linear sigma model and we notice the necessity to introduce a counterterm involving the field strength tensor for the background connection J µ a . In Sect. 5.2 we comment on the large mass expansion and discuss the different regimes of the chiral limit and the strong coupling limit. In Sect. 5.3 we show how to explicitly constructΓ (1) and provide the general framework for the evaluation of the ancestor amplitudes at the leading order in the large mass expansion. In Sect. 5.4 we give the general proof of the correspondence in the one loop case. We summarize the results for the chiral limit in Sect. 6 and for the strong coupling limit Sect. 7. The comparison with some previous results published in the literature is carried out in Sect. 7.1. Finally conclusions are given in Sect. 8.
Appendix A gives the Feynman rules for the linear sigma model in the presence of a background connection. In Appendix B we give a resumé of the most relevant formulas. In Appendix C we apply the large mass expansion due to Smirnov in order to compute the leading and the next-to-leading term in the asymptotic expansion of the four pion amplitude and verify the cancellations of non-local terms, which happens at these orders as predicted by the hierarchy. In Appendix D we perform the detailed computations of the leading order in the large mass expansion for the superficially divergent ancestor amplitudes which are needed in the general proof outlined in Sect. 5.4. In Appendix E we report the classical action of the nonlinear sigma model in the flat connection formalism and collect the local invariant solutions of the linearized functional equation which are needed for the large mass expansion in the one-loop approximation.
The linear sigma model
The classical action of the linear sigma model can be written as
where Φ is the two-component complex vector field
We use a single D-dimensional mass scale
The invariance under infinitesimal global SU(2) L transformations
is translated into the following Ward identity obeyed by Γ
L :
Eq.(6) is well-known and it is usually implemented in the literature in order to discuss the relationship between the renormalization constants and the existence of the Goldstone bosons. We remark that it is possible to couple in the classical action the Noether current associated with the infinitesimal left global transformations
to the external source J µa without violating power-counting renormalizability. This yields a global Ward identity in the presence of the source J µ a
for the action
By using the fact that Γ (0)
we see that for J µa = 0 eq.(8) reduces to eq.(6).
Local Ward identity
The global Ward identity in eq. (8) does not fix the pion amplitudes in terms of the amplitudes involving only the sigma field and J In our approach the matching between the linear and the nonlinear sigma model is studied by means of the local chiral transformations. In the nonlinear sigma model the φ 0 field becomes a composite operator, being subject to the nonlinear constraint 
with the Legendre transform condition 
By using the fact that 
We remark that the equation forΓ is nonlinear, due to the appearance of the bilinear term in the first line of eq. (22) 
This condition will be imposed also on the nonlinear sigma model, thus fixing the only dimensional parameter of the theory. We remark that eq. (22) is the same as the functional equation obeyed by the nonlinear sigma model in the flat connection formalism [1, 2, 3] and therefore we conclude that the use of Γ will be the correct way to study the matching between the two models.
In this way the matching of the limit of the linear sigma model with the nonlinear one is performed by using the same functional equation and the same boundary condition in eq.(23).
Tree level results
We apply our strategy for the matching in D = 4 in the tree level approximation. In this case one can either computeΓ (0) by exploiting the hierarchy or directly by means of eq. (18) . In the first case we observe that the classical action of the nonlinear sigma model Γ (22) asΓ (0) . Therefore by using the hierarchy the problem of the matching can be traced back to the issue of the matching of the ancestor amplitudes involving the insertions of the constraint of the nonlinear sigma model and of the SU(2) flat connection
In the matching procedure one has thus to properly normalize the background connection through
A straightforward calculation in the limit of large m forΓ (0) yields in momentum spaceΓ
These amplitudes coincide with the corresponding ones of the nonlinear sigma model (see Appendix E), while all the remaining ancestor amplitudes are suppressed both in the chiral and in the strong coupling limit (they vanish in the nonlinear sigma model). Since the ancestor amplitudes match at the first non-vanishing order, the matching at the same order for amplitudes involving at least one pion field then follows by the hierarchy.
In the second approach we resolve the Legendre transform w.r.t. φ 0
yielding
The above equation has to be solved for φ 0 in the sense of formal power series in J µ a , K 0 , φ j and their derivatives. In the limit λ → ∞ the leading contribution comes from the non-trivial solution of
The same happens in the chiral limit. Thus we find
i.e. we recover the constraint of the nonlinear sigma model. Then one finds that (by using the properly normalized source J 
(strong coupling limit)
5 Matching by the hierarchy (one loop)
In this Section we move to the study of the matching in the one loop approximation. A possible way to analyze the correspondence is to evaluate directlyΓ (1) according to eq. (18) and verify the matching at the level of pion amplitudes [4] - [7] .
However, as we have already mentioned many times, it is more profitable to evaluate the behavior of ancestor amplitudes and from them derive possibly the amplitudes involving pion fields through the hierarchy. This strategy requires a careful analysis of the renormalization conditions.
Renormalization of the linear sigma model (one loop)
The renormalization of the linear sigma model is performed within Dimensional Regularization. The integrals in the Feynman amplitudes in D dimensions are correctly normalized by using the parameter v D . The local Ward identity (16) restricts the one loop counterterms to be of the form
where F µν a is the field strength of the background connection J µ a :
We notice the appearance in eq.(33) of a counterterm involving the field strength of J a µ . However this term does not contribute to the pion amplitudes through the descendant lines of the hierarchy just by direct computation (it is gauge-invariant and therefore it disappears in the expression within eq. (22)).
The matching of the two models through the coincidence of the v.e.v. requires the introduction of a counterterm for the tadpole as in eq. (15) . This fixes δ t :
By the above condition we are able to fix a common mass scale for both the linear and the nonlinear sigma model according to eq.(23) which at one loop
We also require that the residuum of the pion is set equal to one, thus fixing δ Z :
We remark that if one does not remove the power law dependence in λ and v of Γ (1) σ and Γ JJ by using the counterterms in eqs. (35) and (37) the suppressed terms in 1/λ or 1/v (according to which limit is taken) entering inΓ (0) (see eq. (32)) would spoil through the bilinear terms in eq. (22) the compatibility between the large mass limit and the loop expansion. A similar problem is also encountered in the direct evaluation of pion amplitudes by conventional approaches discussed in Sect. 7.1.
In our strategy of using only ancestor amplitudes the condition on the residuum of the pion can be translated in terms ofΓ (1) JJ as follows:
The remaining counterterms are chosen according to Minimal Subtraction on the basis of simplicity and elegance:
Large mass expansion
The expansion for large value of the parameters is performed by using the technique devised by Smirnov [8] - [10] and it involves in principle only one parameter, the mass of the heavy particle running inside the graph. However, if the graph is divergent at D = 4, then the pole subtraction introduces a second mass which restores the correct dimensions of the Feynman amplitudes. If this extra mass scale is kept fixed for m → ∞ we realize the strong coupling limit; if instead this mass scale is identified with the v.e.v. we obtain the chiral limit. In both cases the technical job is the same and consists in asymptotic expansion of the Feynman amplitudes for large m.
In Appendix D we evaluate the asymptotic expansion of all the ancestor amplitudes of the linear sigma model which develop a singular behavior in the limit m → ∞ and which correspond to superficially divergent amplitudes of the nonlinear sigma model. ¿From the results of Appendix D one sees that in the chiral limit the correspondence with the nonlinear sigma model is automatic if one keeps only the leading terms in ln v. In particular all graphs involving a virtual sigma field yield subleading contributions.
In the strong coupling limit the connected graphs containing the sigma field (∆Γ (1) ) yield terms proportional to ln λ which have to be subtracted before taking the limit λ → ∞.
In performing this kind of calculations one finds a certain number of cancellations which can be traced from the algebraic characterization ofΓ (1) . In the next subsection we are going to elaborate on this more general and formal approach which has the advantage of being able to deal with the general case with any number of legs in the ancestor amplitudes. On the account of the hierarchy that means that by this method we can take the limit of large mass for any Feynman amplitude with arbitrary number of pion fields (one loop). (1) At one loop it is possible to give an analytic construction ofΓ (1) by using Γ (1) and by making use of the Legendre transform in eq. (18) . For that purpose we expand the solution of eq.(19) as
Explicit construction ofΓ
where φ (18) and by keeping only terms up to order one in the loop expansion one finds
where use has been made of eq.(28). By eq.(41)Γ (1) can be obtained by substituting in the one loop 1-PI vertex functional Γ (1) of the linear sigma model the solution of the classical Legendre transform in eq.(28): 
Eq.(43) suggests a different approach to the study of the matching than the direct evaluation of the pion amplitudes. Since eq.(43) implements a hierarchy principle, the coincidence in the large mass limit of the ancestor amplitudes is sufficient to guarantee through the hierarchy the coincidence (at the same order in the large mass expansion) of amplitudes involving at least one pion.
According to eq.(42) in order to derive the one loop ancestor amplitudes at the first non-vanishing order in the large mass expansion one has to evaluate the renormalized 1-PI vertex functional Γ (1) [0, σ, J] of the linear sigma model at φ a = 0 (no external pion legs) and then substitute into it the solution of the Legendre transform in eq.(29), again by keeping only those terms nonvanishing at φ a = 0. In the first order of the large m expansion the solution to eq.(29) can be truncated at order 1/λ 2 (further terms yield suppressed contributions in the large m expansion):
General proof of the matching
In this subsection we exploit eq.(42) in order to derive a general framework for the analysis of the ancestor amplitudes inΓ (1) . For that purpose we consider first the large mass limit of Γ (1) [0, σ, J]. As can be seen from the tree-level Feynman rules in Appendix A, the degree in λ and v of the interaction vertices only depends on the number of fields entering into the vertex (irrespective of whether the fields are σ or φ a ).
As a consequence, the leading order in the large mass expansion for a superficially convergent 1-PI amplitude in Γ (1) [0, σ, J] is given by graphs with only massless internal lines (light graphs). In fact any graph with superficial degree of divergence δ < 0 contributing to such an amplitude and involving at least one massive virtual sigma field (heavy graph) is suppressed by a factor m δ w.r.t. the light graphs. For superficially divergent amplitudes the same conclusion holds in the chiral limit, as can be checked by the explicit computations of the relevant amplitudes in Appendix D once the normalization of the vector external source in eq.(25) is taken into account.
On the contrary, in the strong coupling limit the dominant contribution to superficially divergent amplitudes comes from the heavy graphs. The leading terms for large λ can be computed by using the results of Appendix D and yield (the subscript H stands for heavy):
On account of the replacement in eq.(44) Γ
H gives rise through the Legendre transform in eq.(42) to logarithmically divergent terms in the ancestor amplitudesΓ
JJJJ . These amplitudes are in one-to-one correspondence with the one loop superficially divergent ancestor amplitudes of the nonlinear theory. The logarithmic divergences in λ have to be removed in a symmetric way by making use of the invariants I 1 , . . . , I 7 in eq.(125) before the limit λ → ∞ is taken.
Once logarithmic divergences are removed, the finite parts generated by the heavy graphs in the large λ expansion have finally to be matched by a finite fine-tuning by using the invariants I 1 , . . . , I 7 . In fact at one loop level the linearized equation (43) guarantees that this is always a viable procedure compatible with allowed one-loop finite renormalizations of the nonlinear sigma model.
The recursive fulfillment of the bilinear local functional equation (22) order by order in the loop expansion is required in order to guarantee the locality of the symmetric counterterms [11] . At order n > 1 the latter obey the inhomogeneous equation obtained by projecting the bilinear functional equation at order n in the loop expansion. The higher order symmetric counterterms can be determined by using the algebraic methods based on the Slavnov-Taylor (ST) parameterization of the symmetric effective action which were originally developed for the restoration of the ST identities in chiral gauge theories in the absence of a symmetric regularization [12] - [14] .
The fact that the subtraction of the divergent terms cannot be defined in a unique way shows that the nonlinear sigma model cannot be uniquely defined as a limit of strong coupling.
In order to establish the matching with the nonlinear sigma model it remains to prove that the light graphs in Γ (1) [0, σ, J] do reproduce under the Legendre transform in eq.(42) the same ancestor amplitudes of the nonlinear theory (at the leading order). This result relies on quite subtle cancellations implemented inΓ (1) by the Legendre transform. In particular the contributions generated by the quadrilinear vertex Γ (117)).
Here we elucidate the general structure of the underlying cancellation mechanism.
The evaluation of the ancestor amplitudes inΓ (1) at the required order is carried out by properly normalizing the relevant light amplitudes in Γ (1) [0, σ, J] with the help of the single mass scale v and then by performing the replacement in eq.(44) on the subtracted amplitudes. Since in this process σ plays the rôle of an external background source, it is convenient to derive an effective potential in such a way that the effects of the replacement are taken into account directly at the level of the Feynman rules. One is then led to introduce the potential V given by
Several comments are in order here. The interaction vertices between round brackets in eq.(46) are precisely those generating the light graphs in Γ (1) [0, σ, J] (through contraction with the pion propagators). Moreover it is important to notice that, as a consequence of the use of a single mass scale v, the replacement for σ in eq.(46) can be safely carried out in D dimensions.
Thus we can formally write
where ∆ ab is the pion propagator
The equality in eq.(47) holds at the leading order in the large mass expansion. The subscript states that one has to keep only terms of order in the R.H.S. of eq.(47). The amplitudes generated according to eq.(47) have to be properly normalized by using the single mass scale v before subtracting the pole. Notice that since each interaction vertex in V contains two fields φ a , the one-loop connected graphs with external legs K 0 and J are automatically 1-PI.
By substituting σ as displayed in eq.(46) the effective potential V reads explicitly
one gets
i.e. the same trilinear coupling K 0 φφ appearing in Γ 
and therefore the quadrilinear coupling JJφφ in eq.(49) vanishes. Thus we see that the effective potential V coincides with the one of the nonlinear sigma model. Since we use a single mass scale v for the normalization of bothΓ (1) and Γ
(1) N L , we can then state the coincidence of the one-loop convergent ancestor amplitudes (at the leading order) in both theories. For the divergent ones, as discussed before, finite parts need to be matched by a fine-tuning by using the invariants I 1 , . . . , I 7 since the subtraction of the divergent parts is not uniquely defined.
This property implies that also the amplitudes involving at least one pion field, generated through the descendant lines of the hierarchy, coincide at the leading order, thus establishing the matching in full generality (one loop).
One loop chiral limit
In the chiral limit at the leading order (logarithmic dependence on v and powers in 1/v) the ancestor amplitudes ofΓ (1) coincide with those of the nonlinear theory. In fact after fixing the v.e.v. of the order parameter by eq.(35) and by using the normalization of the pole of the φ a fields imposed in eq.(37) no further fine tuning is necessary in order to obtain the matching. The correspondence with the nonlinear sigma model amplitudes is guaranteed provided that one uses a single subtraction mass scale v.
According to the discussion of the previous Section, the matching of the ancestor amplitudes is realized in a substantially different way depending on whether the amplitude is superficially divergent or convergent. If the amplitude is convergent then the limit can be performed in a straightforward way by expanding in 1/v and the coincidence of the two models at the leading order is automatically fulfilled.
For divergent ancestor amplitudes the discussion is more involved. First of all we notice that on the side of the linear sigma model the behavior in ln However these finite terms are not relevant for the matching. The reason is due to the fact thatΓ (1) satisfies the functional equation in the linearized form of eq.(43) and therefore any finite linear combination of local invariants I 1 , . . . , I 7 in eq.(126) can be added to Γ (1) N L as an allowed finite renormalization. This voids of any relevance the terms ∆Γ (1) . Once more we point out that this kind of argument can be used only for the ancestor amplitudes. In fact there are infinitely many divergent descendant amplitudes. The latter are however related through the hierarchy to a finite number of ancestor amplitudes only.
Our results on the chiral limit of the linear sigma model reproduce those obtained in chiral perturbation theory in Refs. [15, 16] once one uses the (one-loop) correspondence table between chiral invariants and the invariants I 1 , . . . , I 7 of the linearized functional equation given in [2] .
However this agreement is presumably limited to the one loop approximation. In our opinion the use of the tree level equations of motions in Refs. [15, 16] instead of the Legendre transform from the vertex functional to the connected generating functional is only valid at one loop. The exten-sion of the latter method to higher orders is less straightforward since higher orders (non-local) corrections to the tree-level equations of motion have to be taken into account. In the one-loop approximation the use of the treelevel equations of motion is very advantageous since it allows to perform the matching directly on the connected Green functions of the linear theory, as in done in Refs. [15, 16] .
7 One loop λ → ∞ limit
The strong coupling limit turns out to be more involved. The limit λ → ∞ is singular as it is evident from the logarithmic dependence on λ of the functional Γ (1) H in eq.(45). This residual logarithmic dependence cannot be removed by a renormalization of the linear sigma model (since the required counterterms violate the power-counting bounds) and therefore have to be introduced as counterterms for the effective actionΓ (1) by means of the invariants I 1 , . . . , I 7 in eq.(125). This is in contrast with the divergent term proportional to λ 2 in the two-point functionΓ
JJ , which can be removed by using the tadpole counterterm in eq.(35) and the kinetic counterterm in eq.(37) introduced in order to fix the residuum of the φ a propagator to one. The removal procedure has to be consistent with the one loop local functional equation, therefore we have expanded the ln λ terms as linear combinations of the complete basis given by I 1 , . . . , I 7 . By comparison with eq.(45) and by taking into account eq.(125) one finds
Once the logarithmic divergences are removed, the finite parts generated by the heavy graphs in the strong coupling limit have to be matched by using the invariants I 1 , . . . , I 7 . The coincidence of the ancestor amplitudes then guarantees through the hierarchy the matching of the pion amplitudes.
As we have already said, the lack of uniqueness in the subtraction procedure reflects the impossibility of uniquely defining the nonlinear sigma model as the strong coupling limit of the linear model.
As an application of the hierarchy principle, we determine the behavior of the four point pion function in the strong coupling limit. For that purpose one has to project eq.(53) on the monomials containing four pion fields. By using eq.(125) one finds
Comparison with some previous results present in the literature
The comparison of the above result with previous published works, for instance Ref. [5] , is complicated by the fact that the conditions in eqs. (36) and (38) are not imposed on the linear sigma model. The counterterms needed to restore these conditions (δ t and δ Z ) have a λ 2 , λ 4 and λ 4 ln λ behavior. The power factors in λ might cause important changes in the four-pion amplitudes. We comment here on the relevance of these changes. Apparently the subtraction procedure used by Appelquist and Bernard [5] differs from ours as can be seen from their radiative correction to the v.e.v.
A consistent use of this counterterm together with the one in eq.(37) in the relevant graphs depicted in Figure 1 shows that in the four-pion amplitudes the λ 4 terms disappear, however the λ 2 and λ 2 ln λ are non zero. These cancel exactly against the corresponding terms reported in Ref. [5] and only ln λ terms are left over. The final result matches with eq.(54), thus showing that it is crucial to keep the v.e.v. of sigma and the residuum of the pion pole fixed in the renormalization of the linear sigma model, if one takes the limit of strong coupling. 
Conclusions
In this paper we have examined the matching between the linear sigma model and the nonlinear sigma model in D = 4 by using the symmetry properties based on the local chiral transformations. By formulating the linear sigma model in terms of a background connection we have derived a linear local functional equation for the linear sigma model vertex functional. In order to study the matching in the large m limit one has to consider amplitudes which are 1-PI w.r.t. the pion fields but connected w.r.t. the sigma lines. These amplitudes are collected in the generating functionalΓ. We have shown that a nonlinear local functional equation forΓ holds. This equation is of the same functional form as the one fulfilled by the nonlinear sigma model vertex functional in the flat connection formalism.
By fixing a common mass scale for the linear and the nonlinear theory (the v.e.v. of the order parameter) and by adopting the normalization condition on the residuum of the pions (which ensures the compatibility between the large mass limit and the loop expansion at the level of the functional equation) we have shown that the same hierarchical structure exists both in the linear and the nonlinear sigma model. This allows us to derive the matching for any amplitude involving at least one pion once the matching is verified at the level of ancestor amplitudes only (i.e. amplitudes involving the insertions of the flat connection and of the constraint of the nonlinear sigma model).
This provides a common framework for the study of both the chiral limit and the strong coupling limit.
In the first case we have shown in the one loop approximation that the matching is fulfilled at the leading order (logarithmic dependence on v and powers in 1/v) provided that the normalization conditions on the tadpole (fixing the mass scale) and on the residuum of the pion are imposed on the linear side.
In the strong coupling limit we find that the limit λ → ∞ is logarithmically divergent at one loop and thus the removal of these divergences have to be performed before the limit is taken. The logarithmic divergences have to be subtracted symmetrically through the invariant solutions of the linearized functional equation.
Once the logarithmic divergences are removed, the finite parts generated by the heavy graphs in the strong coupling limit have to be matched by using the invariants I 1 , . . . , I 7 in eq.(125). The coincidence of the ancestor amplitudes then guarantees through the hierarchy the matching of the descendant amplitudes involving at least one pion.
The lack of uniqueness of the subtraction procedure reflects the impossi-bility of uniquely defining the nonlinear sigma model as the strong coupling limit of the linear model. We remark that in the case of the strong coupling limit the hierarchy provides an efficient way to control the logarithmic dependence of all oneloop amplitudes on the coupling constant through the functional Γ (1) H given in eq.(45). It might be expected that the strategy based on the hierarchy principle could be helpful in studying the strong coupling limit also for different theories (like for instance the strong coupling limit of the Standard Model [17] - [23] ).
Finally the generality of the approach based on the hierarchy principle gives some hope that it could provide an effective strategy for the study of the matching between the linear and the nonlinear sigma model in the large mass expansion also at higher loop orders by preserving the unified treatment of both the chiral and the strong coupling limit.
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A Feynman rules for the linear sigma model
The classical action Γ (0) in eq.(10) reads in terms of the fields σ, φ a
In the above equation we have introduced the mass parameter m = √ 2 λv . Γ (0) is invariant under the local transformations
while the source J The tree level Feynman rules can be directly read off from eq.(56).
Propagators
• Pion propagator i Γ (Fig. 2.1) • Sigma propagator i Γ Fig. 2.2) 2. Trilinear couplings
δ ab (Fig 3.1 )
3. Quadrilinear couplings (Fig. 4.3) where s abcd = δ ab δ cd + δ ac δ bd + δ ad δ bc . (Fig. 5.7) 
Composite operators
• i Γ (0) φaφ b J c µ = 1 2 ǫ abc p 1 + p 2 µ (Fig. 5.1) • i Γ (0) φaσJ µb = 1 2 δ ab p 1 + p 2 µ (Fig. 5.2) • i Γ (0) φaJ µb = 1 2 δ ab v D p µ (Fig. 5.3) • i Γ (0) φaφ b JµcJ νd = i 2 δ ab δ cd g µν (Fig. 5.4) • i Γ (0) σσJµaJ νb = i 2 δ ab g µν (Fig. 5.5) • i Γ (0) σJµaJ νb = i 2 v D δ ab g µν (Fig. 5.6) • i Γ (0) JµaJ νb = i 4 v 2 D δ ab g µν
B Useful formulas
In this Appendix we list some useful formulas.
B.1 Massive tadpoles
We set
The following recursive relation is verified for T n :
By properly normalizing T n one finds for D → 4
For n > 2 we have no more poles in D = 4 . The straightforward limit gives
B.2 Partial fractions identities We decomposeΓ
according to the group tensors as follows:
We evaluate here the coefficient A as a function of the external momenta and the parameters of the theory (B and C are obtained by permutations). Fig. 6 suggests to further decompose A according to
where A i denotes the contribution to A from the graphs of type i in Fig. 6 .
We begin by evaluating A 1 . The relevant 1PI graphs are shown in Fig. 7 . The first two graphs of Fig. 7 can be computed exactly and yield after Minimal Subtraction
(5) 
The remaining graphs of Fig. 7 are UV convergent. Their direct evaluation for general values of the kinematical invariants is not straightforward. However since we are interested in a precise kinematical regime (i.e. the one in which the physical mass parameter m is greater than all the others kinematical invariants built with external momenta) we can expand the amplitudes in the large m limit by making use of a subgraphs asymptotic expansion technique due to Smirnov [8] - [10] .
Here follows a short outline of this technique. Given a UV convergent Feynman graph G the expansion procedure consists of two steps:
• Take the whole graph and Taylor-expand it w.r.t. the external momenta around p ext = 0 . This may introduce spurious IR divergences that have to be dimensionally regularized.
• Take the subgraphs that contain all heavy internal lines (i.e. the massive sigma propagators) and are 1PI w.r.t. light lines (they can be disconnected) and Taylor-expand them w.r.t. the external momenta and the momenta flowing in the heavy lines around p ext = 0 and q heavy = 0 . This may introduce spurious UV divergences that have to be dimensionally regularized.
It can be proven that for any order in the expansion and for any graph the spurious divergences exactly cancel each other. The remaining terms provide the large mass expansion of the amplitude G. By applying this technique we find that graph (3) of Fig. 7 yields
The contribution from graph (4) in Fig. 7 is
Finally we discuss the Feynman integral associated to graph (5) of Fig 7 :
By collecting together the results obtained in eqs.(73), (74) and (75)-(77) we find the contribution of the 1PI graphs:
Now we consider the graphs of type 2 (displayed in Fig. 8 ). Graph (1) gives
Graph (2) gives
(4) (5) Figure 8 : One sigma line
The contribution from graph (3) in Fig. 8 is
Graph (4) gives
Finally graph (5) gives
By collecting together the results obtained in eqs. (79)- (83) we find the contribution of the graphs of type 2:
Finally we consider the graphs of type 3 (displayed in Fig. 9 ). Graph (1)
(2) (3) Figure 9 : Two sigma lines gives
The contribution from graph (2) in Fig. 9 is
Finally the contribution from graph (3), controlled by the wave function counterterm δ Z , yields
By collecting together the results obtained in eqs. (85)- (87) we find the contribution of the graphs of type 3:
By summing the contributions in eqs.(78), (84) and (88) it can be checked that the terms of order 1/m 2 exactly cancel. Therefore the first non-vanishing term for the four-point functionΓ 
which diverges in the strong coupling limit and goes like 1/v 2 in the chiral limit (in contrast with the corresponding leading terms of the nonlinear model which are of the type 1/v 4 ln v), thus spoiling in both cases the matching with the nonlinear theory.
D Superficially divergent ancestor amplitudes
In this Appendix we evaluate diagrammatically the contributions ∆Γ JJJ and ∆Γ (1) JJJJ to the superficially divergent ancestor amplitudes at the first order in the large mass expansion from graphs with at least one sigma line.
The subset of the graphs which are 1-PI w.r.t. the sigma lines allows us to evaluate the contribution to the amplitudes Γ JJJJ from graphs with massive internal lines in the strong coupling limit, thus fixing Γ (1) H in eq.(45).
• ∆Γ
The relevant graphs come from the radiative corrections to the sigma propagator. At one loop level there are two of them (Fig. 10) . Graph (1) coincides exactly with the corresponding graph of the non- 
The contribution of graph (2) to the two-point sigma function in Γ 
(1) JJJ Now we consider the graphs with three external currents (Fig. 14) . 
We set S 0 = Γ 
where D µ denotes the covariant derivative w.r.t F µa :
